INTRODUCTION
In this paper, we will investigate the large-time behaviour and periodic behaviour of smooth solutions to a nonuniformly Meanwhile, (1.1) is also the model of the small amplitude with high frequency of the unsteady Navier-Stokes system Ut + C(U)U% = Re-r O,(U) + z;'D~(U,Z), (1.3) with cylindrical symmetry motions. Here, U = (p, w, c) T is the unknown column vector and Dz(U, x) = -jxp/x( 1 + EP, 0,O) T is a column vector that depends upon the geometry, with j = 0, 1,2 for planar, cylindrical, and spherical motions, respectively. Let U = UC +E(UO +&VI + . . . + plU2 + pzU3 + . . . ) in equation (1. 3) where ~1 = Re-', ~2 = z;', and introduce the slow variables ~1 = st, 72 = pit, ~3 = ,ugt besides the fast variable t = 70. Thus, we have, formally, at = drc + sdrr + ~1%z + ~28~3. In this situation, it is obtained that a singular equation For the cases j = 1,2, if we use the translation u = t'12W, t' = 2t1i2 and replace t' with t and set E = 1, we can obtain (1.1) for j = 1. We have studied the behaviour of W for the case j = 2 [8] . In [9] we have used completely different methods from one in [8] to study existence of smooth solutions to (1.1) and (1.2) b ecause of the difficulty caused by the nonuniform parabolicity of the equation (1.1). The regularization of E -+ 0 was studied in [lo] .
This problem was first studied by Scott [l] . He was concerned with continuous uc(x) such that uo(x) -+ C f D as x --) foe, corresponding to a piston motion starting at some constant velocity. He was interested in the long time behaviour of u(x, t). But, in [l] it is the assumption that there exists a classical solution of (1.1),(1.2). But, it seems difficult to find a global classical solution with a weak restriction on the initial data such as UO(X) E L". The main difficulty is the singularity t + 0. Meanwhile, Slemrod studied the existence of the solutions of some situation of (1.3) in spherical and cylindrical motions for the case x > x0 > 0. x + 0 is a singularity point in [ll] . This singularity x --+ 0 is similar to one t + 0 in equation (1.1) due to the above perturbation (see [5, 6] ). In [3] , D a ermos f studied the solution of (1.1) with Riemann initial data. It can be rewritten as an ordinary differential equation in the variable ,$ = x/t. For the Cauchy problem these methods do not work since there do not exist self-similar solutions for general initial data. The coefficient t of the diffusive term does not have a positive lower bound. It causes the well-known Holder inequality to be invalid if we use the energy method as for the uniformly parabolic equation. So, we have to search for the completely different methods in [9] from those studying uniformly parabolic equations. We construct two approximate sequences to obtain the existence of smooth solutions of (1.1) and (1.2) when ]uc] 5 K < 1 in [9] . Meanwhile, Wang and Warnecke [12] studied the existence and uniqueness of the weak solution to (1.1) and (1.2) when 2~0 E L". It is well known that (1.1) with initial value u(te, x) = ut,, (x) E L" (to > 0) possesses a classical solution. Thus, choosing utO(Z) to be the value of the unique weak solution of (1.1) and (1.2) at t = t 0, we obtain the global existence of smooth solutions when uo E Loo. Therefore, the foundation of this whole paper is that the smooth solution of (1.1) and (1.2) exists. In this paper, we study the large time behaviour and decay of smooth solutions in LP (p E [l,m]). M eanwhile, we find the solution converges to a self-similar solution which only depends on the value at infinity of the initial data. This implies that the large time behaviour of the solution to (1.1) and (1.2) is only decided by the value at infinity of the initial data. Convergence rates are obtained under some restriction to the initial data. On the other hand, we also obtain exponential decay of the solution in L2 norm when UO(X) is a periodic function. These results completely cover the conclusion in [l] .
Our plan of this paper is as follows. In Section 2, we study decay rates to the solution of (1.1) and (1.2) in LP (p E [l,co]) norm. Existence and exponential decay rate of periodic solutions were obtained in Section 3. In Section 4, we will obtain the solution of (1.1) and (1.2) converges to a self-similar solution. Our method mainly is the energy method and the Green function.
DECAY RATE OF THE SOLUTION TO (1.1) AND (1.2) IN P-NORM
In this section, we will obtain the decay rate of the solution of (1.1) and (1.2) in U-norm. Here C is a positive constant depending on /j~~ll~~ and liu,-llL~.
PROOF. We will prove it by using the inductive method. REMARK 2.3. Due to the nonlinear term, we cannot obtain decay rates in LP norm of the derivative function of U(X, t) with respect to IC in the same way. In our next paper, we will study them.
PERIODIC SOLUTION TO (1.1) AND (1.2)
In this section, we will show that (1.1) possesses a periodic solution when the initial data is a periodic function and the periodic solution is exponentially decaying.
For the general heat equation ut = z1,, with the initial data ZJ~(E) possesses a solution in the form w(x,t) = (4nt)-'i2S_m_exp (-q) ue(y)dy.
We can easily see that if wc(z + k) = we(z), k is a constant,
This implies that ~(2, t) is a k-periodic solution. Next, we will show that the solution U(Z, t) of (1.1) and (1.2) also possesses the same property. where E(z, t) = (4,rrt)-1/2 exp(-x2/4t) is the heat kernel of the equation it = w,,. By the way, as in [9], we can prove this operator is a contract map in B(u) for an arbitrary given T > 0.
Next, we will show L2 rates (3.1) of decay for the periodic solution. By (1.1) we know that u -c satisfies the equation By using Poincare's inequality we obtain
It follows that In this section, we will show that the solution of (1.1) and (1.2) converges to a self-similar solution.
Meanwhile, decay rates of convergence will be given. Let u be the solution of (1.1) and (1. where C is the bound of G(t). Combination of (4.8) and (4.9) yields that II//(<)] is also uniformly bounded.
By R,(z,t) = @'(<)(1/t), we complete the proof of this lemma. (4.14)
And for p E [l, CQ), we have the following decay rates.
(a) If u-< u+, th en there exists a constant Cl(p, I~woIIL~) depending on P and /IwoljL~ such that lIw(t)llLi' 5 G(P, IlwIIL+-(l-l'p). PROOF. Equation But, (4.16) does not seem optimal. The major difficulty is how to deal with the unbound of ls1,l as t + 0.
CONCLUSION.
In [l] , the author analyzed the fundamental solution of (4.3) and estimated the L" norm. He obtained that the solution U(IC, t) + fl(rc, t) as t -+ 03 in L" norm. Here, we calculated ]]u(z, t) -s2(z, t) 11~~ by using the potential estimate and obtained ~(5, t) converged to 0(x, t) in LP norm for p E [l, oo] as t + co, as well as convergence rates. These results cover the conclusion in [ 11.
